Abstract. This paper aims to develop a theory for studying Cayley graphs, especially for those with a high degree of symmetry. The theory consists of analysing several types of basic Cayley graphs (normal, bi-normal, and corefree), and analysing several operations of Cayley graphs (core quotient, normal quotient, and imprimitive quotient). It provides methods for constructing and characterising various combinatorial objects, such as half-transitive graphs, (orientable and non-orientable) regular Cayley maps, vertex-transitive nonCayley graphs, and permutation groups containing certain regular subgroups.
Introduction
A digraph Γ is a Cayley digraph if there exist a group G and a subset S ⊂ G such that the vertices of Γ may be identified with the elements of G in the way that x is connected to y if and only if yx −1 ∈ S. The Cayley digraph Γ is denoted by Cay(G, S), and the group G is sometimes called a base group of Γ . If for each element s ∈ S, the inverse s −1 also lies in S, then the adjacency is symmetric and thus Cay(G, S) may be viewed as an (undirected) graph, that is, a Cayley graph.
A Cayley digraph Γ = Cay(G, S) has an automorphism group
consisting of right multiplications of elements g ∈ G. The subgroupĜ acts regularly on the vertex set of Γ , and in particular, Γ is vertex-transitive. It is actually easily shown that a digraph is a Cayley digraph of a group G if and only if its automorphism group contains a subgroup which is isomorphic to G and acts regularly on vertices; see for example [2, Proposition 16.3] . Cayley digraphs stem from a type of diagram now called a Cayley color diagram, which was introduced by A. Cayley in 1878 as a graphical representation of abstract groups. Cayley digraphs have been extensively used in various other areas, such as extremal graph theory and communication networks. This paper aims at developing a theory of Cayley graphs and digraphs, and applying it to the study of other (mainly combinatorial) objects.
Our theory is built on analysing several special classes of Cayley graphs (defined in Subsection 1.1), and analysing some operations on general Cayley graphs (discussed in Subsection 1.2).
1.1. Basic edge-transitive Cayley graphs. For two groups X and Y , denote by X Y a semidirect product of X by Y , and by X • Y the central product of X and Y . For a subgroup G of X, denote by N X (G) and C X (G) the normalizer and the centralizer of G in X, respectively.
Let G be a group, and let Γ = Cay(G, S). Denote by 1 the vertex of Γ corresponding the identity of G. Let
The symmetric group Sym(G) contains another regular subgroup,
consisting of left multiplications of elements g ∈ G. However, the groupG is not necessarily a subgroup of AutΓ . It is known that N AutΓ (Ĝ) =Ĝ Aut(G, S) and
GC AutΓ (Ĝ) =Ĝ •H =Ĝ Inn(G, S),
whereH = {h ∈G | h ∈ H}; see Lemma 2.1. The subgroup Aut(G, S) plays an important role in the study of Cayley graphs; see for example [13, 32, 37] . Assume thatĜ < X ≤ AutΓ . Then, the following special classes of Cayley graphs are the basic objects of our study of Cayley graphs:
(a) IfĜ is normal in X, then X 1 ≤ Aut(G, S), and Γ is called an X-normal Cayley graph of G. Further, ifĜ is a normal subgroup of the full automorphism group AutΓ , then AutΓ =Ĝ Aut(G, For cases (a) and (b) in whichĜ exhibits normality or near-normality in X, the action of X on Γ may be described in terms of the base group in a satisfactory way. For the core-free case (c), the property that X has an exact factorization plays a key role:
X =ĜH, with H core-free andĜ ∩ H = 1, where H = X 1 . A core-free Cayley graph Γ generally 'should' be described as a coset graph; see Section 3. For core-free Cayley graphs, we introduce their dual Cayley graphs. This enables us to establish a connection between rotary Cayley maps and circulants graphs, and as well as between regular Cayley maps and dihedral Cayley graphs.
Studying these three classes of Cayley graphs in [22] led to the proof that 3-arctransitive Cayley graphs are rare. Here we further analyse these Cayley graphs, leading to new constructions of various interesting combinatorial objects. Some of them are stated in the two theorems below.
A graph is said to be half-transitive if it is vertex-and edge-transitive but not arctransitive. The problem of constructing and characterizing half-transitive graphs was initiated by Tutte (1965) , and is a currently active topic in algebraic graph theory; see [28, 10, 24] for references. For a group X, its socle soc(X) is the product of all minimal normal subgroups of X. A primitive permutation group X on Ω is said to have twisted wreath product type if soc(X) is a non-abelian minimal normal subgroup and acts regularly on Ω. The following theorem provides a potential method for constructing half-transitive graphs of large valency; see Example 2.11. Theorem 1.1. Let X be a primitive permutation group of twisted wreath product type, and write G = soc(X) = T 1 × · · · × T l for some l ≥ 5 so that X = G X 1 . Assume that t is an element of T 1 which is not conjugate in Aut(T 1 ) to t −1 . Let S = {h −1 th, h
. Then, Cay(G, S) is a half-transitive graph.
A group G is called a B-group (after Burnside) if each primitive permutation group containing a regular subgroup isomorphic to G is necessarily 2-transitive. In his famous book [36] , H. Wielandt proposed the following question (see [36, p. 69] ): If G is a B-group and H is a group such that |H| and |G| are coprime, is G × H necessarily a B-group? The next theorem gives an infinite family of counterexamples.
Theorem 1.2. Let q = p
e , where p is a prime and e ≥ 1, be such that q ≡ 3 (mod 4). Examples of some other objects will also be constructed, such as vertex-transitive self-complementary tournaments, relative difference sets, and vertex-transitive nonCayley graphs; see Sections 2, 3 and 5.
1.2. Quotients of Cayley graphs. Let Γ be a graph with vertex set V . For a partition B of V , the quotient graph of Γ induced on B is the graph with vertex set B such that B, B ∈ B are adjacent if and only if some vertex u ∈ B is adjacent in Γ to some vertex v ∈ B . If for all B ∈ B and all v ∈ B the valencies satisfy
If B is an X-invariant partition of V for some transitive subgroup X of AutΓ , then the quotient Γ B is called an imprimitive quotient of Γ ; if further Γ is a cover of Γ B , then Γ is said to be an imprimitive cover of Γ B . In the case where there exists an intransitive normal subgroup N ¡ X such that B is the set of N -orbits in V , then Γ B is called a normal quotient of Γ and sometimes denoted by Γ N , and if further Γ is a cover of Γ N , then it is called a normal cover. Let C = core X (Ĝ), and let N ≤ C be a normal subgroup of X. Then, the normal quotient Γ N is isomorphic to the Cayley graph Cay(G/N, SN/N ). Such a special normal quotient is called a core quotient; if in addition Γ is a cover of Γ N , then Γ is called a core cover of Γ N .
A graph Γ is called X-arc-transitive or (X, 2)-arc-transitive if X ≤ AutΓ is transitive on the arcs or the 2-arcs of Γ , respectively. (An arc is an ordered pair of adjacent vertices, and a 2-arc is a path of length 2.) An X-arc-transitive graph Γ is called X-locally primitive if X v acts primitively on Γ (v), where v is a vertex. By taking a core quotient, we have a characterisation for the class of locally primitive holomorph Cayley graphs. A group G is called quasi-simple if G = G , and G/Z(G) is simple, while a group G is called almost quasi-simple if T ≤ G ≤ T.Out(T ) for some quasi-simple group T . Theorem 1.3. Let Γ = Cay(G, S) be connected, and let X =Ĝ •G. Assume that Γ is X-locally primitive of valency at least 3. Then, S = s G for some involution s ∈ G such that C G (s) is a maximal subgroup of G, and one of the following holds:
s with T quasi-simple, and
See Subsection 4.3 for the proof of Theorem 1.3. This approach also provides a short proof for Praeger's reduction theorem for 2-arc transitive graphs; see Theorem 4.9 and its proof.
However, a normal quotient of a Cayley graph is not necessarily a Cayley graph, and 'most' imprimitive quotients of a Cayley graph are not Cayley graphs.
Proposition 1.4. (i) Each vertex-and edge-transitive graph is a normal quotient of an edge-transitive Cayley graph. (ii) Each vertex-and edge-transitive graph is an imprimitive quotient of an
edge-transitive Cayley graph of valency 2, a disjoint union of cycles of the same size.
See Proposition 5.3 for the proof of this proposition. Our analysis of normal quotients of a Cayley graph also leads to a method for constructing vertex-transitive non-Cayley graphs; see Proposition 5.1 and Example 5.2.
Dual Cayley graphs and rotary Cayley maps.
For a Cayley graph Γ = Cay(G, S) and a subgroup X ≤ AutΓ withĜ < X, ifĜ is core-free in X, then X has a faithful transitive permutation representation on [X :Ĝ] with X 1 being a regular subgroup. Thus, any X-vertex transitive graph with vertex set [X :Ĝ] is a Cayley graph of the group X 1 . Such a graph is called a dual Cayley graph of Γ . The concept of dual Cayley graphs establishes a connection from rotary Cayley maps to circulants and dihedral Cayley graphs. Thus, permutation groups containing a cyclic or dihedral regular subgroup are important in the study of rotary Cayley maps. A precise list of a primitive permutation group containing a regular cyclic subgroup was recently given by Jones [17] and the author [21] independently, based on the work of Feit [11] . A classical result of Wielandt [36] shows that each primitive permutation group containing a regular dihedral subgroup is 2-transitive. Here we obtain a complete list for those groups, which is justified in Section 7. Theorem 1.5. Let X be a quasiprimitive permutation group of degree n. Then, X contains a dihedral regular subgroup G if and only if X is 2-transitive, and one of the following holds, where ω ∈ Ω: A map M is said to be rotary or regular if its automorphism group AutM is transitive on arcs or flags, respectively; see [7] for the definitions. A rotary map is said to be chiral if it is not regular. A map M is called a Cayley map of a group G if AutM contains the regular subgroupĜ. The study of orientable Cayley maps was initiated by Biggs [1] in 1972, and is a current active topic in topological and algebraic graph theory; see for example [3, 8, 33, 34] . Here we apply Theorem 1.5 to give a characterisation of rotary Cayley maps of simple groups. 
The first statement in Theorem 1.6 about the existence of rotary Cayley maps of non-abelian simple groups is a straightforward consequence of a result of [27] that each non-abelian simple group is generated by two elements, one of which is an involution. This fact was also observed in [8] This proposition is proved in Subsection 3.3. Taking normal quotient of Cayley graphs also provides a characterisation of rotary Cayley maps of abelian groups; see Proposition 5.5.
Normal Cayley graphs and their constructions
We study normal Cayley graphs and their construction in this section. We first present some basic properties, and then produce some interesting examples. 
Proof. We only need to prove part (2) . The equalityĜC AutΓ (Ĝ) =Ĝ Inn(G, S) was proved in [20, Lemma 3.6] . It is known that N :=ĜC Sym(G) (Ĝ) =Ĝ •G; see [4] . SinceĜ is regular on G and normal in N , we have that N =Ĝ N 1 . Further,
, and an elementĝg lies in AutΓ if and only if it fixes S.
Hence, the subgroups N AutΓ (Ĝ) andĜC AutΓ (Ĝ) of the automorphism group AutΓ can be described in terms of Aut(G, S) and Inn(G, S), respectively. The subgroup Aut(G, S) has thus played a significant role in the study of Cayley graphs in the literature; see for example [13, 32, 37] .
Assume that Γ = Cay(G, S) is such thatĜ ¡ X ≤ AutΓ . Then, by Lemma 2.1, the vertex stabiliser X 1 ≤ Aut(G, S). Thus, X 1 acts on Γ in a particular nice way -by conjugation. In particular, if Γ is connected, then the action of X 1 on Γ is uniquely determined by its action on Γ (1) = S. Due to this nice action of X, various properties of an X-normal Cayley graph can be identified easily, as indicated in the next lemma [19, 32] . Lemma 2.2. Let G be a group, and let Γ = Cay(G, S) be a connected (X, r)-arc transitive graph, where r = 1/2 or r is a positive integer. Assume thatĜ is normal in X. Then, r = 1/2, 1 or 2, X 1 is a permutation group of S, and the following statements hold: 1 , then Γ is undirected and edge-transitive. Such a Cayley graph is a normal edge-transitive Cayley graph; see [32] .
The following example shows that the structure of the subgroups Aut(G, S) and Inn(G, S) depends not only on the graph Γ but also on the base group G. Thus, the property for a Cayley graph Cay(G, S) to be normal edge-transitive is not a 'graph theoretic' property since it also depends on the choice of the base group G.
, it is easily shown that the graph Γ may be represented as a Cayley graph of the group G, that is, Γ ∼ = Cay(G, S) for some S ⊂ G. If we choose G to be the normal elementary abelian 2-group Z
with d even, then Aut(G, S) may be transitive but must be imprimitive on S; while in other cases, Aut(G, S) is not transitive on S.
2.2.
The holomorph Cayley digraphs which are self-complementary tournaments. Let X be a transitive permutation group on a set Ω. The digraph with vertex set Ω and with edge set {(α, β)
the union of the full conjugacy class of the elements s i . Let Γ = Cay(G, S). Then, Γ is a holomorph Cayley digraph, and X :=Ĝ Inn(G) ≤ AutΓ . For holomorph Cayley digraphs, there is a special permutation τ of vertices associated with X, given by τ : 
Therefore, τ maps arcs of Σ to arcs of Σ * , and τ is an isomorphism from Σ to Σ * .
The next corollary collects some properties regarding holomorph Cayley graphs.
Corollary 2.5. Let Γ = Cay(G, S) be a holomorph graph, and let X =Ĝ Inn(G).

Then the following hold: (i) Γ is undirected if and only if
S = {s, s −1 } G for some element s; (ii) Γ is X-arc-transitive; (iii) the stabiliser X 1s ∼ = C G (s)/Z(G), and the action of X 1 on S is equivalent to the action of G on [G : C G (s)]; (iv) Γ
is X-locally primitive if and only if S = s
G for an involution s, and
Proof. (i) It follows from the definition.
(ii) If Γ is not undirected, then by definition, it is X-arc transitive; on the other hand, if Γ is undirected, then by definition, Γ is X-edge transitive, and further, by Lemma 2.4, Γ is X-arc transitive.
(iii) The stabiliser X 1s is equal to σ ∈ Inn(G) | s σ = s , that is, X 1s consists of all inner automorphisms of G induced by elements of G which centralise s. It follows that X 1s ∼ = C G (s)/Z(G).
(iv) By Lemma 2.2 (iii), there exists an involution s such that S = s G . Since X 1 is primitive on S, the stabiliser X 1s is a maximal subgroup of X 1 . It then follows that C G (s) is a maximal subgroup of G.
The following construction can produce some very interesting graphs. Construction 2.6. Let G be a group that has exactly 2l conjugacy classes of elements of order at least 3:
Let S be a subset of G which contains exactly one of s
A tournament is a digraph Γ such that for any two vertices v, w, exactly one of the ordered pairs (v, w) and (w, v) is an arc of Γ . The complement Γ of a digraph Γ is the digraph with vertex set V Γ , and (v, w) is an arc of Γ if and only if it is not an arc of Γ . A digraph is called self-complementary if it is isomorphic to its complement. The next proposition characterises the holomorph Cayley digraphs which are self-complementary tournaments.
Proposition 2.7. Let Γ = Cay(G, S) be a holomorph Cayley digraph. Then, Γ is a self-complementary tournament if and only if G has odd order and Γ is as in Construction 2.6.
Consequently, a group of odd order with 2l conjugacy classes of non-identity elements has exactly 2 l different holomorph Cayley digraphs which are self-complementary tournaments.
Proof. Assume that Γ is a Cayley digraph as in Construction 2.6.
is the complement of Γ , and τ induces an isomorphism between Γ and Γ . So Γ is self-complementary. For any two elements x, y ∈ G, exactly one of the elements yx −1 and xy −1 belongs to S. Thus, exactly one of the pairs (x, y) and (y, x) is an arc of Γ , so Γ is a tournament.
Conversely, assume that a holomorph Cayley digraph Γ is a self-complementary tournament. Then, for any two elements x, y ∈ G, exactly one of the ordered pairs (x, y) and (y, x) is an arc of Γ since Γ is a tournament. Thus, for any nonidentity element g ∈ G, exactly one of g and g −1 belongs to S. In particular, g is not an involution, and so G has odd order. Since Γ is a holomorph, exactly one of the conjugacy classes g G and (
G is a subset of S. Thus, Γ is as in Construction 2.6. Let K r;2 be a complete r-partite graph with parts of size 2. An almost tournament of order 2r is a sub-digraph Γ of K r;2 such that for any edge {v, w} of K r;2 , exactly one of the ordered pairs (v, w) and (w, v) is an arc of Γ . A digraph Γ of order 2r is called almost self-complementary if Γ < K r;2 and Γ ∼ = K r;2 − Γ . The next proposition characterises the holomorph Cayley digraphs which are almost self-complementary tournaments, the proof of which is similar to the proof of Proposition 2.7.
Proposition 2.8. Let Γ = Cay(G, S) be a holomorph Cayley digraph. Then, Γ is an almost self-complementary tournament if and only if G has only one subgroup of order 2 and Γ is as in Construction 2.6.
Proof. Assume that G is a group of order 2r with r odd, and that Γ is a Cayley digraph as in Construction 2.6. Let I be the unique subgroup of G of order 2.
, and τ induces an isomorphism between Γ and K r;2 − Γ . It follows that Γ is almost self-complementary. For any edge {x, y} of K r;2 , exactly one of the elements yx
and xy −1 belongs to S. Therefore, exactly one of the pairs (x, y) and (y, x) is an arc of Γ , hence Γ is an almost tournament.
Conversely, assume that a holomorph Cayley digraph Γ is an almost self-complementary tournament. Then, for any edge {x, y} of K r;2 , exactly one of the ordered pairs (x, y) and (y, x) is an arc of Γ since Γ is an almost tournament. Thus, for any element g ∈ G of order at least 3, exactly one of g and g −1 belongs to S. In particular, G has only one subgroup of order 2. Since Γ is a holomorph, exactly one of the conjugacy classes g G and (
G is a subset of S. Thus, Γ is as in Construction 2.6.
A class of half-transitive normal Cayley graphs.
Here we consider vertex-primitive edge-transitive graphs of twisted wreath product type; see [4] for the detailed description of primitive permutation groups of twisted wreath product type.
Let X be an arbitrary group, and assume that G is an insoluble minimal normal subgroup of X,
Then, M (g) is the smallest normal subgroup of G which contains the element g, and l(g) is the number of direct factors of M (g).
Lemma 2.9. For each element g ∈ G and for each element
Proof. For an element g ∈ G and an element x ∈ X, if x normalizes M (g), then clearly M (g x ) = M (g). Conversely, assume that, for some element g ∈ G and some element
and hence x normalizes M (g). Finally, if g
We are ready to give a characterization for a vertex-primitive edge-transitive graph of twisted wreath product type to be arc-transitive. 
Proof. Now G = T 1 × · · · × T l is the unique minimal normal subgroup of X, where l ≥ 5 and
T is a non-abelian simple group, and X = G X 1 . It follows from Lemma 2.9 that Γ is X-arc transitive if and only if for each element
and Y is primitive on G. By [30] , Y is a primitive permutation group of twisted wreath product type with socle G, and thus Y = G Y 1 . Suppose that Γ is arc transitive. Then, Y 1 acts transitively on S; in particular,
We observe that Theorem 1.1 is a special case with g being an element of T . Thus, the proof of Theorem 1.1 follows.
With Theorem 1.1, it is easy to construct half-transitive graphs of large valency.
Example 2.11. Let T = Sz(q) with q = 2 2m+1 ≥ 8, and let t be an element of T of order 4. Then, t is not conjugate in Aut(T ) to t −1 . Let X be a primitive permutation group on Ω of twisted wreath product type such that G := soc(X) = T k . Identify Ω with G, so that X = G X 1 and X 1 acts on G by conjugation. Let
is connected and X-edge-transitive. Further, by Theorem 1.1, Γ is half-transitive.
Cayley graphs as coset graphs
In this section, we investigate a method for constructing core-free Cayley graphs. This following lemma collects basic properties for a typical method in the constructions of vertex-transitive graphs; see for example [16] .
Lemma 3.1. Let Γ = Cos(X, H, HSH). Then the following statements hold: (i) Γ is X-vertex-transitive; (ii) Γ is connected if and only if H, S = X; (iii) Γ is undirected if and only if HSH = HS −1 H; (iv) Γ is X-edge-transitive if and only if HSH
= H{g, g −1 }H, where g ∈ X; (v) Γ
is undirected and X-arc-transitive if and only if HSH = HgH with
g 2 ∈ H; (vi) Γ
is a Cayley graph of a group G such thatĜ ≤ X if and only if
This provides us with a method for constructing edge-transitive Cayley graphs of a given group G. Construction 3.2. For a group G, find a larger group X such that X = GH, G ∩ H = 1 and H is core-free in X. Take g ∈ X, and let Γ = Cos(X, H, H{g, g −1 }H).
For a Cayley graph Γ of a group G constructed as a coset graph, we know that there exists some subset S ⊂ G such that Γ = Cay(G, S), but sometimes it is hard to list elements of S explicitly in the language of G. Here are some examples where the subset S is 'hidden'. Example 3.3. Let X = A 5 , acting on Ω = {1, 2, 3, 4, 5}. Let H = h with h = (12345), and let s = (12)(34). Set Σ = Cos(X, H, HsH). Then, Σ is isomorphic to the icosahedron.
On the other hand, let G = {x ∈ X | 5 x = 5}, the stabilizer of 5 in X, and let
This example tells us that the icosahedron may be explicitly constructed as a coset graph of A 5 , as well as a Cayley graph of A 4 . As a coset graph of A 5 , it is clear that the icosahedron is edge-transitive; however, if we are only given the base group A 4 and the subset S, it is not easy to see the edge-transitivity. This construction leads to a proof that the so-called CI-groups are soluble; see [18, 20] . There exists some subset S ⊂ G such that Γ = Cay(G, S). The subset S is further proved in [5] to be a relative difference set of A 5 . This is the first example of a reversible relative difference set found in an insoluble group. However, the subset S is hidden, and with the assistance of a computer, S is listed below: . But even with the list of elements of S, the structural information of the graph is still hard to read from G and S. For instance, it is hard to see whether the graph Cay(G, S) is arc transitive and whether S is a relative difference set of A 5 . This is because such properties are 'possessed' by the automorphism group AutΓ but not by the base group G and its automorphism group Aut(G).
This example suggests that some types of Cayley graphs should perhaps more naturally be defined as coset graphs of some groups of order properly divisible by the order of the graphs; see [6, 22, 38] 
, and ρ acts regularly on S. Thus, the group X := Ĝ , ρ =Ĝ ρ , and the graph Γ is X-arc transitive. By [34] , with the rotation ρ, the Cayley graph Γ has a rotary embedding into an orientable surface as a balanced Cayley map M of the cyclic group G such that X ≤ AutM.
Since X acts transitively on arcs of the map M, the subgroup X has index at most 2 in AutM. It is then easily shown that ĝ p is a normal subgroup of AutM and fixes each of the p-parts of the complete p-partite graph Γ = K p [K p e ]. Now the normal quotient of Γ induced by ĝ p is isomorphic to the complete graph K p . If M is a regular map, then the corresponding quotient map of M is also regular, which is a contradiction; see [1] . Hence, M is chiral, and in particular AutM = X, as in part (i).
Furthermore, it is easily shown that the subgroup
is cyclic and acts regularly on the vertex set of M. Thus, M may be represented as a Cayley map of a cyclic group H corresponding F = ĝρ p−1 , such that F =Ĥ. Since F =Ĥ is not normal in AutM, M is not balanced with respect to this base group H, as in part (ii).
There exists a subset R of the group H such that Γ = Cay(H, R). Let τ be an isomorphism from H to G, and let S = R τ . Then, Γ ∼ = Cay(G, S ), which has a rotary embedding M . Therefore, G has two isomorphic chiral Cayley maps M and M such that M is balanced and M is non-balanced with respect to G, as in part (iii).
Remark. In Proposition 3.6, if the map M is represented as a Cayley map of the base group G, then it is balanced, and so a nice description of the embedding exists in terms of the base group G; see [34] . However, if M is represented as a Cayley map of the base group H, then the embedding does not admit a 'nice' description. Therefore, the choice of base groups of Cayley maps is important in the study of Cayley maps. Proof. Let Γ be a Cayley graph of a cyclic group G. Assume thatĜ < X ≤ AutΓ is such thatĜ is core-free in X. Then X =ĜH such thatĜ ∩ H = 1 where H = X 1 , and X acts faithfully on [X :Ĝ] such that H is regular on [X :Ĝ]. Taking X = AutM, we have that H = X 1 is cyclic or dihedral, as claimed.
This lemma enables us to construct some regular and chiral Cayley maps which are neither balanced nor anti-balanced; see [34, 35] for the definition. Such Cayley maps have been sought for a long time; see [8, 33] . We first construct an infinite family of regular Cayley maps. , and Γ has a regular embedding M; see [12] . Now G acts regularly on the vertex set V Γ , and thus M is a regular Cayley map of the group G.
We next give several sporadic examples. Example 3.9. A group G ∼ = A 5 may be embedded in a group X ∼ = PSL(2, 11) such that X = GH and G ∩ H = 1 for some cyclic subgroup H = ρ ∼ = Z 11 . By the Atlas [9] , any involution g ∈ X is such that ρ, g = X. Thus, X = ρ, g is a triangle group and gives rise to a rotary map M = M ρ, g of valency 11; see [12] . Since G is a subgroup of X = PSL(2, 11) ≤ AutΓ which is regular on vertices of M, we have that M is a Cayley map of G. If M is regular, then it follows that AutM = PGL(2, 11), which is not possible since PGL(2, 11) has no transitive permutation representation of degree 11. Thus, M is chiral.
Example 3.10.
A group G = M 10 = A 6 ·Z 2 may be embedded in a group X = M 11 such that X = GH and G ∩ H = 1, where H = ρ ∼ = Z 11 . Let g be an involution of X. It follows from information given in the Atlas [9] that ρ, g = X, and this gives rise to a rotary map M = M ρ, g of valency 11; see [12] . Further, no involution in Aut(X) inverts ρ. It then follows that M is a rotary Cayley map of M 10 . Since an element of order 11 of X is not conjugate in Aut(X) = X to its inverse, M is chiral.
Similarly, a group G = M 22 may be embedded in a group X = M 23 to give rise to a rotary Cayley map M ρ, g of M 22 (see [12] ), where X = ρ, g with o(ρ) = 23 and g 2 = 1. Since an element of order 23 of X is not conjugate in Aut(X) = X to its inverse, M is chiral. So we have the statements:
(1) The group M 10 has chiral Cayley maps of valency 11.
(2) The Mathieu group M 22 has chiral Cayley maps of valency 23.
We finally consider symmetric groups and alternating groups. Let X = S n , acting on {1, 2, . . . , n}. Let ρ = (123 . . . n), and let x = (2n). Then, X = ρ, x gives rise to a rotary map M = M ρ, x . Since X = GH where G = X 1 ∼ = S n−1 and H = ρ , we have that M is a Cayley map of G. Let
if n is even.
Then, it is easily shown that X = x, y, z , where y = ρz and x 2 = y 2 = z 2 = 1. Thus, X is the automorphism group of the regular map M x, y, z ; see [12] . Now let z * be the inner automorphism of X induced by z. Then z * inverses ρ and commutes with x. Thus, M is regular and AutM = x, ρ, z * ∼ = X × Z 2 . It is easily shown that M is a standard double cover of M x, y, z .
Lemma 3.11. For each integer n ≥ 5, the symmetric group S n−1 has a regular Cayley map M of valency n such that
Now we consider the alternating groups. Let X = A n with n ≥ 5, acting on {1, 2, . . . , n}. Let ρ = (123 . . . n), and let x = (23)(45). Then X = ρ, x , and so gives rise to a rotary map M ρ, x ; see [12] . Let G = X 1 ∼ = A n−1 and H = ρ . Then X = GH and G ∩ H = 1, and it follows that G acts regularly on vertices of M ρ, x . Hence, M ρ, x is a Cayley map.
Lemma 3.12.
For any odd number n ≥ 5, the alternating group A n−1 has a rotary Cayley map of valency n.
Core quotients of Cayley graphs
In this section, we discuss the first type of operation on Cayley graphs -the core quotient. Then, we prove Theorem 1.3.
4.1. Taking core quotients. Let Γ = Cay(G, S), and let X ≤ AutΓ be an overgroup ofĜ, that is,Ĝ < X ≤ AutΓ . Let C = core X (Ĝ) be the core ofĜ in X, and let N ≤ C such that N ¡ X. Consider the core quotient Γ N .
Assume that Γ is X-edge-transitive. Then, Γ is a normal multi-cover of Γ N . Let B be the set of N -orbits on V Γ N , and let K be the kernel of the X-action on B. Then, N ¡ K, K = N K 1 , and X := X/K ≤ AutΓ N . Moreover, Γ is a cover of Γ N if and only if K = N . The proof of the following lemma is easy; the statement in part (i) was first observed by Praeger [32] . As abstract groups,Ĝ/C is core-free in X/C. However, the Cayley graph Γ C is not necessarily core-free, since X/C is not necessarily a subgroup of Γ C . Here is an example.
Example 4.2. Let
where g is an element of X of order 3. Then, Γ is an X-edge transitive graph. Let G be a Hall {3, p}-subgroup of X. Then, X = GH, and G ∩ H = 1. Hence, Γ is a Cayley graph of G. Now C := core X (G) = Z 2 p , and X/C ∼ = S 4 . Further, Γ C is a cycle of length 3, and the kernel K of X acting on the three orbits of
Thus, S 3 ∼ = X/K ≤ AutΓ C , and so Γ C is a normal Cayley graph of the group Z 3 . In particular, Γ C is not core-free.
However, for the locally primitive case, the state of the matter is different. Proof. If C is transitive on the vertex set V Γ , then Γ is a normal Cayley graph relative to X, while if C has two orbits in V Γ , then Γ is a bi-normal Cayley graph relative to X.
Assume that C has at least three orbits on vertices. Then, Γ is a cover of the core quotient Γ C , and X/C ≤ AutΓ C . SinceĜ/C is core-free in X/C, we have that Γ C is core-free with respect to X/C.
For cubic edge-transitive graphs, we have the following conclusion. Proof. IfĜ is normal in X, then since Γ is connected, X 1 is faithful on S, and hence X 1 = Z 3 or S 3 . Assume thatĜ is bi-normal in X. Then, Γ is bipartite, with parts ∆ 1 and ∆ 2 say. Let
, X 1 is faithful on S, and hence X 1 = Z 3 or S 3 . Since X has no normal regular subgroup, we conclude that
Assume that C has at least three orbits in V Γ . Then, by Lemma 4.1 and Proposition 4.3, we have that Γ C is a Y -edge-transitive Cayley graph of a group isomorphic toĜ/C, and Γ is a cover of Γ C . Further, by the well-known theorem of Tutte (see [2] ), we obtain the statement in part (iii).
Locally primitive holomorph Cayley graphs.
Here we first characterize locally primitive central Cayley graphs. 
and T is non-abelian;
Proof. The group X 1 is a primitive permutation group on S. It then follows that S = s H for some involution s. The stabiliser of s for this X 1 action on S is the arc stabiliser X 1s , which consists of the inner automorphisms of G induced by elements of H fixing s, that is, the elements of C H (s). Thus, as X 1s is a maximal subgroup of X 1 , C H (s) is a maximal subgroup of H.
Let N be a maximal normal subgroup of G of index at least 3. Since X =Ĝ •H, each element ofH centralizesĜ, and soN is a normal subgroup of X. AsĜ is regular on V Γ , the subgroupN has |Ĝ/N | orbits in V Γ . By Proposition 4.3, the normal quotient ΓN is X-locally primitive where X = X/N , and Γ is a cover of ΓN . By We now give a technical lemma, which tells us that if a group X acts on a graph edge-transitively, then the commutator group X is 'large'. 
Proof. If X is transitive on V Γ , then we are done. Assume that X is intransitive on V Γ . Let B be the set of X -orbits in V Γ , and let K be the kernel of X acting on B. Then, X ≤ K ¡ X, X/K ≤ AutΓ X , and Γ X is (X/K)-edge-transitive. Now X/K is abelian, and hence X/K is regular on both V Γ X and EΓ X . In particular, |V Γ X | = |EΓ X |. Since Γ is connected, Γ X is connected, and thus Γ X is a cycle.
Further, assume that Γ is X-arc-transitive. Then, Γ X is (X/K)-arc-transitive. It follows that Γ X ∼ = K 2 , and X has two orbits in V Γ .
Assume that Γ = Cay(G, S) and X =Ĝ •G. Then, the commutator subgroup G is normal in X, and the induced action of X on V ΓĜ is abelian. Hence,Ĝ has at most two orbits in V Γ , and so G/G = 1 or Z 2 .
Applying Lemma 4.5 to a Cayley graph Γ = Cay(G, S) with H = G, we have the following result. Suppose that G has a normal subgroup N of index at least 3. SinceĜ is regular on the vertex set V of Γ ,N has at least 3-orbits in V . Since Γ is X-locally primitive, (Ĝ/N ) ×G ∼ = X/Ñ ≤ AutΓN , ΓN is (X/N )-locally primitive, and Γ is a cover of ΓN . AsĜ/N is a regular subgroup of Sym(VN ), we have C Sym(VN ) (Ĝ/N ) ∼ =Ĝ/N . However,G = C X/N (Ĝ/N ) ≤ C Sym(VN ) (Ĝ/N ) ∼ =Ĝ/N , which is a contradiction. Thus, each non-trivial normal subgroup of G has index at most 2. It follows that
where T is a simple group. If G = T , then X =Ĝ ×G ∼ = T × T ≤ Sym(T ), and T is non-abelian. Assume then that G = T.Z 2 . Since Γ is connected, we have s G = G, and so s / ∈ T . Hence, G = T s , and
is the unique minimal normal subgroup of G, and hence T i is non-abelian simple. Since Γ is connected, s G = G, and so s / ∈ T 2 . Hence, G = (T 1 × T 2 ) s , and s interchanges T 1 and
4.3. Proof of Theorem 1.3. To complete the proof of Theorem 1.3, we need a property of point stabilisers of a 2-transitive permutation group. Inspecting the classification of finite 2-transitive permutation groups (see [4] ), we conclude the following property. 
however, G has no conjugacy class generating G, which is a contradiction. Thus, Z 2 = 1, and Z is a p-group which is abelian. Suppose that Z = 1, and let P < Z be such that
, which is not possible by Lemma 4.6. Hence, Z = 1 and
where T is non-abelian simple. As G/G = 1 or Z 2 , we conclude that G is an almost quasi-simple group, as in part (ii) or (iii) of Theorem 1.3.
. Then, the commutator subgroup Y is normal in G. Thus, Y has index at most 2 in G, and so Y = Y . Let U i = Z(G).T i , where i = 1 or 2. Then, s interchanges U 1 and U 2 , and so interchanges the commutator subgroups U 1 and U 2 . Further,
which is a contradiction. Thus, U 1 = U 1 and U 2 = U 2 , and so both U 1 and U 2 are quasi-simple. We obtain that Y = U 1 • U 2 , and G = (
s . Since s interchanges U 1 and U 2 , the diagonal subgroup (u, u s ) | u ∈ U 1 is isomorphic to U 1 and centralised by s, as in part (iv) of Theorem 1.3. At last, we give a short proof for the following theorem of Praeger [31] regarding quasiprimitive permutation 2-arc transitive graphs. This proof is independent of O'Nan-Scott theorem for quasiprimitive permutation groups. 
; in particular, Y 1 is primitive on S. By Corollary 2.5, S = s G for some involution s, and Y 1s ∼ = C G (s). So, the center Z(Y 1s ) contains an involution s, which is a contradiction to Lemma 4.8. This completes the proof of the theorem.
Normal quotients
A normal quotient of a Cayley graph need not be a Cayley graph. This property allows us to work out a potential method for constructing vertex-transitive nonCayley graphs, as seen in Proposition 5.1. On the other hand, for a certain type of Cayley graph, its normal quotient is also a Cayley graph, which enables us to characterise the Cayley graph; see Proposition 5.5. is an automorphism of the graph Γ , and
where C = b ∼ = Z 3 . In particular, Γ is X-arc transitive. Thus, the normal quotient Γ C is (X/C)-arc transitive and cubic. It is easily shown that the quotient graph Γ C is isomorphic to the coset graph Σ , by Proposition 5.3. Thus, we only need to prove that if Σ is a Cayley graph, then G ≤ S 15 .
For convenience, denote by V the vertex set of Σ , and by G the groupĜ. Assume now that G is normal in Y . Then, for a vertex v ∈ V , we have Remark. By the result of [26] , except for PSp (4 
and a finite list of other groups, every finite non-abelian simple group may be generated by an element of order 3 and an involution. Therefore, except for PSp(4, 2 d ), PSU(3, 3 d ), Sz (2 d ) and a finite list of other groups, every finite non-abelian simple group is an automorphism group of a cubic arc transitive graph which is not a Cayley graph.
Next we turn our attention to the general case. It will be shown that each vertextransitive, half-arc-transitive, and arc-transitive graph is a normal quotient of a vertex-transitive, half-arc-transitive, and arc-transitive Cayley graph, respectively.
Let X be a transitive permutation group on a set Ω. Let C ≤ C Sym(Ω) (X), and let Y = X, C . Then, either X is regular on Ω, or C is intransitive on Ω; see [4] . If C is intransitive, then the C-orbits on Ω form a block system of imprimitivity of Y , as well as of X. This quotient of Y induced by C is said to be a central quotient of X. The following proposition describes a relation between edge-transitive graphs and edge-transitive Cayley graphs. Proof. Let G be an abelian base group of M, and let X = AutM. ThenĜ ≤ X and X =ĜX 1 , such that X 1 is cyclic. In particular, X is a product of two abelian subgroupsĜ and X 1 . The well-known result of Ito [15] tells us that X is abelian. On the other hand, by Lemma 4.6, X has at most two orbits in V .
If X is transitive on V , then X is regular on V . Thus, M may be represented as a Cayley map of an abelian group F such that X =F . By [34] , M is a balanced rotary Cayley map of the base group F , as in part (1) .
Assume next that X has two orbits ∆ and ∆ in V Γ . Take an arc (α, β) of Γ . Since Γ is X-arc transitive, there exists an involution g ∈ X interchanging α and β. Thus, the subgroup Y = X , g = X .Z 2 is di-abelian and transitive on V .
If X is faithful on ∆, then X is faithful on ∆ , and X is regular on both ∆ and ∆ . It follows that Y is regular on V Γ , and thus M may be represented as a Cayley map of Y . Since X/X is abelian, Y/X is normal in X/X , and so Y is normal in X. Hence, by [34] , M is a balanced rotary Cayley map of Y , as in part (2)(i).
Suppose now that X is unfaithful on ∆. Let K be the kernel of X acting on ∆. Then, K g is the kernel of X acting on ∆ . Since X acts on V faithfully, we have
and L is normal in X. Since X is transitive on ∆, X /K induces a regular permutation group on ∆, and in particular,
Finally, if |V | is odd, then part (1) occurs, and M is balanced. We note that the automorphism group of each cyclic group is abelian. If M is cyclic and |V | is odd, it then follows that M is chiral.
Remark. The structure and embedding of rotary Cayley maps of abelian groups were investigated in a recent paper [8] in terms of the given base group. Proposition 5.5 tells us that for such a Cayley map, changing the base group may lead to a nicer description of the map than using the original base group.
Imprimitive quotients
As shown in Proposition 5.1, normal quotients of Cayley graphs are not necessarily Cayley graphs. Imprimitive quotients of Cayley graphs are of course not necessarily Cayley graphs. We will see that 'most' imprimitive quotients of Cayley graphs are not Cayley graphs, but some imprimitive quotients of some important Cayley graphs are Cayley graphs.
6.1. Edge-transitive graphs and edge-transitive Cayley graphs. For a group G, a core-free subgroup H < G and a subset R ⊂ G such that R = R −1 and H, R = G, let Σ = Cos(G, H, HRH), the coset graph of G relative to H and R. Then, Σ is undirected, connected, and G-vertex-transitive. There are some natural Cayley graphs corresponding the triple (G, H, R) . Let S ⊂ G be such that R ⊆ S ⊆ HRH, and let
The vertex set V Γ = G has a natural G-invariant partition:
Lemma 6.1. Using notation defined above, we have
In particular, each vertex-transitive graph is an imprimitive quotient of a Cayley graph.
Proof. The proof of this lemma is straightforward.
In the case where Σ is arc transitive, we have Here is an example. Let G be an abelian group, and let Γ = Cay(G, S). Let X be such thatĜ < X ≤ AutΓ . If X is primitive, then X is classified in [21] . Assume that X is imprimitive, and let B be an imprimitive block system of X on V . Then, by [21, Lemma 3.1], bothĜ B andĜ B are regular, where B ∈ B. Thus, the quotient graph Γ B is a Cayley graph of G/N , where N < G is such thatN acts regularly on B.
Next, we present a family of quasiprimitive arc transitive Cayley graphs which have an imprimitive Cayley quotient. It is obvious that K p r −1 is a group-dual of Γ , and the triangle graph is a group-dual of Σ .
The next lemma of this section will be used in classifying quasiprimitive permutation groups containing a regular dihedral subgroup. Lemma 6.5. Let X be a transitive permutation group on Ω which contains a regular subgroup G. Let B be an X-invariant partition of Ω and B ∈ B, and let K be the kernel of X acting on B.
( We only need to prove part (2), and we thus assume that G is dihedral.
Since G is regular on Ω, the normal subgroup G ∩ K is semiregular on Ω and G acts transitively on B. Now G ∩ K is the kernel of G acting on B, and hence G/(G∩K) is a transitive permutation group on B. Since G is dihedral, either G∩K is cyclic or G ∩ K is dihedral of index 2 in G. In the latter case, an orbit of G ∩ K in Ω has size |Ω|/2, that is, |B| = 2, and so G ∩ K is regular on B and G/(G ∩ K) ∼ = Z 2 is regular on B. Suppose now that G ∩ K is cyclic. Then, G/(G ∩ K) is a dihedral group. Since G/(G ∩ K) is a transitive permutation group on B, it follows that either G/(G ∩ K) is regular on B or the point-stabilizer of G/(G ∩ K) has order 2. In the former, G ∩ K is regular on B; in the latter, G ∩ K is semi-regular on B with two orbits.
Suppose that X is quasiprimitive and imprimitive on Ω, and suppose further that X acts on B primitively. Since X is quasiprimitive on Ω, X acts faithfully on B, and so G acts faithfully and transitively on B. Thus, G B is core-free in G, where B ∈ B. It follows as G is a dihedral group that G B ∼ = Z 2 , and so |B| = |Ω|/2. Write G = a z ∼ = D 2m , where 2m = |Ω|. It follows that a is regular on B. Thus, X is a primitive permutation group on B and contains a cyclic regular subgroup a .
The property stated in Lemma 6.5 enables us to extend the classification of the primitive permutation groups containing a regular abelian subgroup, given in [17] and [21, 
